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I O N I Z A T I O N  O F  T H E  A T O M S  IS T A K I N G  P L A C E  
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a n d  Y u .  P .  R a i z e r  

Ionization relaxation in a shock wave of very large  amplitude is considered,  the atoms be-  
hind the front of the shock wave being multiply ionized. In calculating the s t ruc ture  of the 
shock wave and the kinetics of ionization, allowance is made for the electron component of 
the thermal  conductivity which plays an important  role  in this. A simplified method of cal-  
culating the kinetics of multiple ionization is proposed, and an application of this method is 
presented.  The resul t s  of the s t ruc ture  calculation show that, as a resul t  of heating by 
thermal  conduction, the gas is considerably ionized even in front of the jump in compress ion ,  
while the electron component of the thermal  conductivity passes  through a maximum. 

Ionization relaxation behind the leading edge of a shock wave in a gas has been studied both theore t -  
ically and experimental ly;  however,  only relat ively weak shock waves have been considered,  the ionization 
of the atoms in these being correspondingly weak.* One of the main points of in teres t  is the mechanism of 
p r imary  ionization, involving the "seed ~ e lect rons  f rom which the electron avalanche begins, subsequently 
developing by way of the ionization of the atoms under the impact of the electrons.  In the major i ty  of pub- 
l ications,  it has been considered that the p r imary  e lect rons  appear by virtue of a tom-a tom collisions, al- 
though the possibili ty of initial ionization by vir tue of light i rradiat ion has also been considered.  An im-  
portant  feature in the p rocess  of ionization relaxation is the t empera tu re  difference between the electrons 
and the heavy par t ic les  (atoms and ions). In the shock wave, the kinetic energy of the incident flow is con-  
ver ted into thermal  energy of the heavy par t ic les ;  this energy is gradually t r ans f e r r ed  f rom the atoms 
and ions to the electrons,  which ionize the atoms.  Owing to the re ta rded  exchange of energy between the 
heavy and light par t ic les ,  the electron t empera tu re  lags behind that of the atoms. 

The s t ruc ture  of a shock wave in a partly o r  completely ionized gas has also been calculated on the 
assumption of a constant degree of ionization. Such calculations reveal  the importance of the electron com-  
ponent of the thermal  conductivity, as a resul t  of which the electron gas in front of the jump in compress ion  
is heated to a t empera tu re  very  s imi lar  to the equilibrium tempera tu re  behind the shock wave. Calculations 
show that, in severe  ionization, the electron thermal  conductivity and the exchange of energy between the 
electrons and ions exert  a comparable  influence on the s t ruc ture  of the relaxation layer  in the shock wave. 
We note that, in considering the kinetics of ionization, the electron thermal  conductivity has never  yet  been 
taken into account, possibly because it is not par t icular ly  important  in weak ionization. 

In this paper we shall consider  the s t ruc ture  of very s trong shock waves with an equilibrium t emper -  
ature of the o rde r  of hundreds of thousands of degrees  and over,  in which the atoms are multiply ionized. 
The kinetics of multiple ionization were considered ea r l i e r  by V. A. Bronshtdn and A. N. Chigorin [3] un- 
der conditions s imi lar  to those existing in shock waves, in connection with the problem of the motion of 
high-speed meteors  through the a tmosphere  [4, 5]. However, these calculations,  although very  comprehen-  
sive and apparently the only ones of their  kind, still fail to provide a complete picture of the real  s t ruc ture  

*An exposition of this problem may be found, for example, in the book of Zel'dovich and Raizer [1]; there 
is a fairly complete bibliography in a later publication [2]. 
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of the shock wave, in view of the fact  that  they omit  all considera t ion of the electron t h e r m a l  conductivity.  
As we shall  see ,  this  component  of t h e r m a l  conductivity plays a vi tal  ro le  in es tabl ishing the e lec t ron  t e m -  
p e r a t u r e  dis t r ibut ion,  which in turn d e t e r m i n e s  the r a t e  of ionization. Hydrodynamic  aspec ts  were  also 
omit ted  f r o m  the calculat ion;  the vo lume of gas was cons idered  constant ,  and the e lec t ron and a tomic t e m -  
p e r a t u r e s  were  balanced under  the assumpt ion of a constant  s t o r e  of to ta l  in ternal  energy~ (In the subse -  
quent analys is  we shall  also r e f o r m u l a t e  the p rob l em of the ionization reac t ion  ve loc i t i es  for  ions of dif-  
f e ren t  mul t ip l ic i t ies  and solve it in a novel  manner . )  

I t  should be  ment ioned that  the p rob l em h e r e  cons ide red  d i f fers  ve ry  g rea t ly  in the ma themat i ca l  
r e s p e c t  f r o m  the shock-wave  s t r u c t u r e  p rob l ems  solved ea r l i e r .  The  p rob l em is reduced,  in the usual 
way, to one of finding an in tegra ted  cu rve  re la t ing  the s ingular  points of the sy s t em,  the s ta tes  in the ne igh-  
borhood of equi l ibr ium and the es tab l i shment  of equi l ibr ium i t se l f  a r e  de te rmined  by the behav io r  of the 
in tegra ted  cu rve  of the s y s t e m  in the neighborhood of the s ingular  points.  However ,  in con t r a s t  to the p rob -  
l ems  t r e a t ed  e a r l i e r  [6, 7], the kinet ics  of ionization and the e lec t ron t he rma l  conductivity a re  taken into 
account at the s a m e  t ime ;  the r e s u l t  is that  the behav ior  of the curve  in the neighborhood of a s ingular  
point has  to be  analyzed,  not in a phase  plane, but in phase space ,  and this g rea t ly  compl ica tes  both the 
qual i ta t ive  analys is  i t se l f  and the n u m e r i c a l  calcula t ions .  Whereas  numer i ca l  integrat ion in a plane in 
the neighborhood of a saddle point p r e sen t s  no se r ious  difficult ies,  in view of the spec i f ic  c h a r a c t e r  of the 
saddle,  in the t h r ee -d imens iona l  ca se  m a t t e r s  a r e  not so s imple :  A s ingular  point of the g e n e r a l i z e d - s a d -  
dle type cons t i tu tes  an o rd ina ry  saddle  in some  planes  and a node in o the rs ,  so that  a sma l l  e r r o r  in n u m e r -  
ical  in tegrat ion may lead to a se r ious  depa r tu re  f r o m  the des i r ed  solution. 

1o Let  us p roceed  to fo rmula te  the p rob lem.  Let  us cons ider  a plane shock wave in a coordinate  
s y s t e m  linked to the wave, i .e . ,  the one-d imens iona l  s teady motion of the gas  in infinite space .  In f ront  of 
the wave the gas  is ,  genera l ly  speaking,  cold and unionized; behind the wave the a toms  a re  mult iply ionized 
because  of the high t e m p e r a t u r e .  The t he rmodynamica l - equ i l i b r i um s ta te  of the gas  behind the wave is 
comple te ly  de te rmined  by the initial densi ty  and by a cer ta in  p a r a m e t e r  cha rac t e r i z ing  the ampli tude of the 
wave, for  example ,  the veloci ty  of the leading edge or  the t e m p e r a t u r e  behind it. This  s ta te  (degree of 
ionization, densi ty,  etco) may be calcula ted f r o m  the exist ing re la t ionships  governing shock rup ture  effects  
and f r o m  the t he rmodynamica l  functions of the ionized gas  [1, 8]~ 

We shal l  neglec t  the v i scos i ty  and t h e r m a l  conductivity of the heavy pa r t i c l e s ,  rep lac ing  the v iscous  
l a y e r  by a b reak .  The v i scos i ty  of the e lec t ron  gas  is also unimportant ,  but the e lect ron t h e r m a l  conduct-  
ivity is much g r e a t e r  than that  of the ions and a toms ,  and ac ts  both in f ront  of and behind the jump in c o m -  
p re s s ion .  The t e m p e r a t u r e s  of the e lec t ron  and a tomic- ion ic  gas  a r e  r ega rded  as di f ferent .  

The gas  is cons ide red  as being monotonic,  s ince  in such a s t rong wave (one involving mult iple  ioni-  
zation) the molecu les  (if the cold gas  is molecu la r )  d i ssoc ia te  ex t remely  rapidly  and at re la t ive ly  low 
t e m p e r a t u r e s .  

Radiation and rad ia t ive  heat  t r a n s f e r  a re  not taken into account [1]o If the density of the gas  is high, 
let  us suppose  of the o r d e r  of the densi ty of a tmospher i c  a i r ,  the range  of the radiat ion,  de termining  the 
spat ia l  sca le  of the region of radiant  heat  t r a n s f e r ,  is f a r  g r e a t e r  than the zones of ionization re laxa t ion  and 
e lec t ron  heat ing in f ront  of the leading e'dge, which a r e  the only in teres t ing f ea tu res  in the p rob lem under 
cons idera t ion .  If, however ,  the gas  is r a r e f i ed ,  the heated region is t r a n s p a r e n t  to the radia t ion,  the densi ty  
of the radia t ion within it is  f a r  lower  than the t h e r m o d y n a m i c - e q u i l i b r i u m  value,  and the radia t ion has ve ry  
l i t t le  effect  on the s t r u c t u r e  of the shock wave. 

The quest ion as to the p r i m a r y  ionization of the cold gas  does not a r i s e  at all in the case  of a s t rong 
shock wave, s ince for t e m p e r a t u r e s  of the heated region equal to hundreds of thousands of d e g r e e s  the r a d i -  
ation is always s t rong enough to c r e a t e  a smal l  numbe r  of e lec t rons  in front  of the wave, and these  ini t iate 
the e lec t ron  avalanche.  The s t r u c t u r e  of the shock wave is a lmos t  independent of the extent of the initial  
ionization. 

Let  us in t roduce some  notation and definit ions.  In every  s ta te ,  ions of va r ious  mul t ip l ic i t ies  m a re  
contained in the gas .  All the heavy pa r t i c l e s  will be cal led ions for  b rev i ty ,  a toms being t r ea t ed  as ions of 
zero  cha rge  m = 0~ 

*The rup tu re  re la t ionsh ips  may be der ived  f r o m  the s y s t e m  of equations descr ib ing  the s t r u c t u r e  of the 
wave by extending the spa t ia l  coordinate  to infinity in both d i rec t ions .  
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Let N = ZN m be the total number  of heavy par t ic les  in 1 mm 3, where N m is the density of the m ions; 
the summation with respec t  to m always s ta r t s  f rom m = 0. 

Let  I1, I2, ... be the success ive  ionization potentials of the atom, I 0 = 0, I m + t is the ionization poten- 
tial of an m ion. The potential energy of ttae m ion, i .e. ,  the energy expended in its formation f rom an atom 
by the detachment of m e lec t rons ,  is Qm = I1 + I2 + o.. + Ira- The mean potential energy associa ted with one 
ion for  a given ionic composit ion 

<Q) -- Zar,,Qm, am = EN,n/ N 

Here (~m is ttae concentrat ion of m ions. Tt~e ions are  obtained by electron impacts ,  and tae energy 
requi red  for  this purpose is direct ly  drawn f rom the s tore  of thermal  energy of the electron gas.  

Let us call  the t empera tu re  and p re s su re  of the ions T and p (p = NkT), of the electrons T e and Pe 
(Pe = NekTe), where Ne is the electron density. We r ega rd  the gas as e lect r ical ly  neutral ,  i .e. ,  the e lec-  
t ron and ion components are  s t r ic t ly  related~ Thus~N e = ZmNm, i.e., the mean charge  number  of the ions 
(m) = ~m~ m coincides with the degree of ionization of the atoms ~ = Ne/N, while the macroscopic  veloc-  
ities are  exactly the same for  the two components.  

The s t r i c tness  of the relat ionship between the electron and ion gas is ensured by the s trong polar i -  
zation Coulomb field E, ar is ing f rom the slight separat ion of the .charges which in fact always exists.  
Owing to the negligibly small  iner t ia  of the electrons,  the Coulomb force acting on the electrons is balanced 
(to an accuracy  limited by s m a l l - o r d e r  electron t e r m s  in the ion mass  ra t io  me/M) by the force of the 
electron p r e s s u r e  gradient :  NeeE = dPe/dx. An equal and opposite force acts  on 1 cm 3 of ion gas.  

Subject to the foregoing assumptions,  the sys tem of hydrodynamic equations for one-dimensional  
steady flow in a many-component  mixture takes the fo rm [1]: 

d (N~,~u) = q ,  (ra = O; i, 2..3, ~ N~ = N ( 1 ol) 

-~x dp dP e (i. 2) 
M N u  = dx dx 

d [ N u ( - ~ k T  + ~ ) ]  dPe d--u ~ dx f'Oie 

3 N e k ( T - - T e )  
(Die ~ 2 Tel 

(1.4) 

~r, (1.5) S . . . . . . . .  

Here qm is the ra te  of change of the number  of m ions in 1 crnZ/sec, associated with the ionization of 
the m-  and ( m - l ) - i o n s  and the recombination of the m-  and (m + 1)-ions, S is the flow of tleat due to t he rm-  
al conductivity, ~'~e is the electron contribution to the thermal  conductivity, the t e r m  with the smal l  kinetic 
energy of the electrons I/z me u2 is omitted, ~ie is the ra te  of energy t r ans fe r  f rom the ions to the e lectrons,  
and Tel is the charac te r i s t i c  exchange t ime. 

The sys t em (1.1)-(1.5) has three  integrals  express ing the laws of conservat ion of the mass ,  momen ~ 
turn, and energy flows. Tile f i r s t  integral  is obtained if we sum all Eqs. (1.1) and consider  that the reaction 
does not al ter  the total number  of par t ic les  

N u  ~ NoD (1,6) 

where N o is the number  of ions in 1 cm 3 of the original  gas (the index 0 r e fe r s  to quantities in front of the 
wave), D is the velocity of propagation of the shock wave through the cold gas.  The second integral  follow- 
ing f rom (1.1) and (1.6): 

MNu~-}-pq-pe = MNo D2 ~ Po q-P~o (1.7) 

In o rde r  to obtain the third integral  we add Eqs. (1.3) and (1.4) and use (101) and (1.6) 

Mu 2 S = ~ _  (kTo + m~r~) "it- <Qo) + "M.D~ (i .8 )  5 (kT " ~ k T e ) + < Q > - l - ~ +  
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Equation (1 ~ enables us to rewr i te  the continmty equation in t~e fo rm of kinetic equations for the 
concentrat ion s: 

d a  m 
/YoD ~ = q,. (m = o, 1, 2 . . . .  ) (1o9) 

The sy s t em of differential  equations represent ing  the ion energy (1.1), the thermal-conduct iv i ty  heat 
flow (1.5), the ionization kinetics (1o9), and the conservat ion integrals  (1.6)-(1o8), together  with the bounda- 
ry  conditions which we saall  be discussing later ,  se rves  to determine the s t ruc tu re  of the shock wave. 

2. Let us simplify the sys tem of equations and set out the kinetic constants.  A knowledge of the ion- 
ic composi t ion of the gas a m is necessa~ T in o rde r  to find the degree of ionization ~ = Z a  mm and the po- 
tential energy  of the ions (Q>. However, the kinetic equation may also be wri t ten direct ly  for  the degree 
of ionization on the bas is  of (1.9) 

NoD ~ ~. q: -~ Zmqm (2ol) 

Hence if we could approximately express  the electron source  qe and the mean potential energy of the 
ions (Q> as functions, not of the set  of ion concentrat ions am,  but s imply ot the degree  of ionization a ,  
this would enable us to rep lace  the set  of equations (1.9) by the single equation (2.1), and this would con-  
s iderably simplify the original  cumber some  set.  

We may c a r r y  out this operation by the method ea r l i e r  proposed by one of the authors [1,9] for s im-  
plifying the calculation of thermodynamic  functions of gases  in the region of multiple ionization. Let us 
suppose that the charge  number  m, which actually only assumes integral values, instead consti tutes a con-  
tinuously varying quantity, and let us join the d i sc re te  I m and Qm by continuous curves  I(a)  and Q(a)o 
Usually ionization develops by the success ive  uncovering of the atoms, so that at any moment  a gas par t ic le  
contains appreciable  numbers  of ions of only two or  at most  th ree  types.  In other words, the distribution 
a m, which is replaced by the continuous function, takes the fo rm of a peak in m rela t ive  to the mean value 
(m>o We may thus approximately consider  that in each state all the ions possess  a single fract ional  charge  
(m>, coinciding with the degree  of ionization a .  In this approximation the ionization potential of equivalent 

ions may be rega rded  as I(a),  while the mean potential energy (Q> = Q((~). In the region of p r imary  ioniza-  
tion, for a < i it is natural  to put I = It, Q = a I  1. 

The electron source  qe consti tutes the difference between the ra tes  of ionization and recombinat ion 
of the ions. There  may be two ways of ionizing atoms and ions by an electron beam:  1) the d i rec t  r emov-  
al of e lec t rons  f rom the ground level and 2) ionization in a number  of steps,  in which the atom or ion is 
f i r s t  excited by electron impact  and then ionized either immediately or  af ter  severa l  m o r e  exciting colli ~ 
sionso Est imates  show that the second mode is frequently the more  effective, since the excitation and ion- 
ization c ros s  sections inc rease  rapidly on ra is ing the level. We snail not consider  ionization f rom the 
ground level, e lectron capture at the la t ter ,  or  photo-recombinat ion (although the lat ter  may occur  when 
the density is not extremely low). 

Es t imates  show that equil ibrium between the population of the excited s tates  of the ~ons (atoms) and 
the f ree  e lect rons  is establ ished far  more  quickly than the electron concentrat ion changes.  This means 
that the distribution of the ions over  the excited levels  may be regarded  as approximately quas i - s ta t ionary ,  
assuming that it follows a comparat ively  slow development of ionization. Under such quas i - s ta t ionary  con-  
ditions, which are  satisfied if the ionization potential of the ions is much g rea te r  than kT e and the number  
of excited par t ic les  is far  sma l l e r  than the number  of unexcited par t ic les ,  the appearance or  disappearance 
of every  electron is accompanied by the vanishing or  formation of a corresponding ion in the ground state,  
without any t ime lag or  leado 

However,  the immediate  cause of the vanishing and formation of ions in the ground state lies in the i r  
excitation and deactivation by electron impacts,* so that 

qe = K ~  K'N:N*= K*NeN (i --  N*[ N,*) 

*We shall not cons ider  deactivation by scinti l lat ion; this is compensated by excitation after  the absorption 
of captured resonance  radiation~ 
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where K* and K'  a re  the veloci ty  constants  of excitation and deactivat ion,  N* is the densi ty of the excited 
ions, N*p is a the rmodynamica l ly  equi l ibr ium quantity;  the foregoing equation follows f r o m  the pr inc ip le  
of detai led equi l ibr ium.  Since  N* is in the rmodynamic  equi l ibr ium with the actual density of the e lec t rons ,  
under conditions of mul t ip le  ionization N* ~ l~eN, so that  finally 

No D .  da~ = K, N~ (l___~j)~ (2.2) 

where  a p  is the t he rm odynam i c -equ i l i b r i um  degree  of ionization. On the approximat ion of nequivalentn 
ions, with a f rac t ional  charge ,  this quantity [1, 9] is de te rmined  f r o m  the equation 

I(a)=kT sin aN ' A = 2 \ ~ ]  

Equation (2.2) may be writ ten down d i rec t ly  f r o m  the express ion  for  the d i f ference  between the ioni- 
zation and recombinat ion r a t e s ,  the pr inciple  of detai led equi l ibr ium, and the assumpt ion  that the r a t e s  of 
ionization and excitat ion coincide (the l a t t e r  co r r e sponds  to the instantaneous ionization of excited a toms) .  
This  der ivat ion gives  a t r u e r  p ic ture  of the physical  meaning of Eq. (2.2).* 

The excitation veloci ty  constant  equals K* = (Vet(e)),  where  ~(s) is the excitation c r o s s  section for  
e lec t rons  with energy e, v e is the i r  veloci ty ,  the angular  b r a c k e t s  denote averaging  over  the Maxwell d i s -  
t r ibution.  In the case  of ions, the c r o s s  section is a lmos t  constant  at the threshold  a ( s )  = aft*) = a (I* is 
the excitat ion potential) ,  and 

- r I 3v, ( 2 . 4 )  
\ 

where  (Ve) is the mean t h e r m a l  velocity~ In neu t ra l  a toms the c r o s s  section i n c r e a s e s  l inear ly  f r o m  the 
threshold ,  a = a(e) = C(e - I*), and ins tead of (2.4) we obtain a s c a r c e l y  different  f o rmu la  in which the 1 in 
the b racke t s  is r ep laced  by 2 while a = a(kT) = CkT. 

Published data regard ing  the excitation c r o s s  sec t ions  of ions a re  so spa r s e  and imper fec t  that we 
can he re  only make  a ve ry  rough choice of a. 

According to the r e su l t s  of calcula t ions  based on the Born approximat ion for  a Coulomb field, c a r r i e d  
out in re la t ion  to hydrogen- l ike  ions [10], we may put (~ = 1.87ra02/(m + 1) 4, where  a 0 is the Bohr radius  and 
and m _> 1. 

The quantity a is r a t h e r  too high; in [10] it is r e c o m m e n d e d  that  its value should be reduced by a 
f ac to r  of 5. F u r t h e r m o r e ,  if we cons ider  the origin of the cha rge  fac tor  (m + 1) -4, in applying the equation 
to  nonhydrogen- l ike  ions it is na tura l  to r ep lace  the (m + 1) -4 by the square  of the ra t io  of the ~hydrogen- 
l ike t ionization potential  to the t rue  one; (m + 1) TM ~ (IH~)2. As excitation potential  we shall  take the va l -  
ue I* = 3/4I, as in the case  of hydrogen- l ike  a toms .  Neglecting unity in compar i son  wittl I* /kTe ,  we obtain 

(IH_~){ I ~'/' --31" (2.5) 
K * = 0 " 5 4 V ~ a ~  . ~ m~--~ ) exp 4kTe 

This  equation is,  genera l ly  speaking,  unsuitable for  descr ib ing  the excitation of a toms [1]; however ,  
it gives acceptable  r e su l t s  if we take the t rue  value of 11 for  the potential  (for ~ < 1). This  appea r s  r e a s o n -  
able in view of the  fact  that  a var ia t ion  in the p re -exponent ia l  fac tor  in the equation for  K* has ve ry  l i t t le  
effect  on the calcula ted s t r u c t u r e  of the shock wave, pa r t i cu la r ly  in the l e s s  impor tan t  region of p r i m a r y  
excitat ion,  as specia l  calculat ions conf i rm.  

*In the region of weak, s ingle ionization, the equation cor responding  to (2.2) has a slightly different  fo rm,  
since the r a t e  of recombinat ion  is propor t ional  to NeN.~N e ~ ~3 and not ~2 as in (2.2) (N* ~ NeN + ~ NeZ 
and not NeN). The  t e r m  in b r acke t s  equals (1 - ~2/(~p2) instead of (1 - ~ / ~ p ) .  However ,  recombinat ion  only 
plays an apprec iab le  pa r t  in the shock wave on approaching the final s ta te  of the mult iply ionized gas ;  hence 
Eq. (2.2) may be eve rywhere  used in the wave. 
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As rega rds  the remaining two kinetic constants,  the t ime required  for energy exchange between the 
electrons and ions ~ei and the electron thermal  conductivity n e '  these were calculated f rom existing r e -  
lationships [1]: 

3 ]/-~e (kTe)'/' k (kTe)% (2.6) 
T e i =  ~ ]/"Z~ AetzNe ' Xe = ~ V~-~ Aea V'~e Z 

where A is the Coulomb logar i thm,  which is here  regarded  as constant and equal to its value in the final 
state,  z is the charge  number  of the ions, the coefficient ~ depends very  slightly on z and is taken as equal 
to ~ = 5~176 

The specification of the initial state of the gas in front of the wave and of some pa rame te r  cha rac t e r -  
izing the amplitude of the shock wave, for  example, the wave propagation velocity D, makes the mathemat i -  
cal problem of solving the sys tem completely definite. Since the equation does not include any t e r m s  des-  
cribing the sources  of the original  e lect rons ,  we must  specify a small but finite initial degree  of ionization 
in front of the wave. For  the same  reason the initial t empera tu res  and p r e s s u r e s  T O = Te0 and P0, Pe0 = 
~P0 must  be regarded  as nonzero,  although in the very  strong waves considered they are  far  smal le r  than 
the corresponding quantities behind the leading edge. The specified initial values of Te0, %, and N o are 
not independent but have to satisfy the Saha equation in o rder  to make the initial state of the gas the rmo-  
dynamical ly equilibrium. The final values of the pa rame te r s  Tk, Nk, ~k are  determined in the usual way 
f rom the initial values and the wave velocity D. 

3. Let us examine the resul tant  sys t em of equations qualitatively. We convert  to dimensionless  
variables 

kTe kT I Q N 
~=-~,  0e=-~-o, 0 = ~ - ,  ~='~7o' q=~7o' n= ::--7 

taking as scale  of par t ic le  energy the initial kinetic energy of the atom e 0 = MD2/2 and as scale  of length 
the cha rac te r i s t i c  ionization length corresponding to the final state behind the leading edge of the wave 
L i = NoD/K*Nk2 as in Eq. (2.2). 

Instead of the p r e s s u r e s  p and Pe we substitute their  values p = NkT and Pe = NekTe and eliminate 
u by means of (1.6). Solving the sys t em for the der ivat ives  of t empera tu re  and degree of ionization and 
making a number  of fur ther  t ransformat ions ,  we finally obtain a sys tem of three  differential  equations of 
the f i r s t  o rde r  

d~ _ ~ : %,~':, n ~ i X ~ ~ (i 

doe 2 L i / % \%r 5 " - ~ ( - ~ - - i )  ] a-~- = / 3  (~,  O, OD = z i i 
-5- -L~" -~-~ ~ -0- ) L-ff-(~ - ~o) q- - 4 - q - q o  

a--~- = / 3  (~, O, OD = 2Fn~ ., - Lo ~,: t 8 : / ~ )  (oe - o) + ~ f : , / ,  + oe/~) 

(3.1) 

and an algebraic equation for the density 

n~b --  an -b l = 0  

Here we have introduced the following notation: 

(3.2) 

~ = 0 - b ~ 0 e ,  a=iA-~}o,  6 = - ~ -  ~ , F =  3 2- -~n)  

The charac te r i s t i c  scales  of length 

(3.3) 

2 Xe 2 D'Ce~ 
Ls =--~ akkNoD , Lo, = 3 %8 

for the thermal  conductivity and the exchange of energy between the electrons and ions cor respond  to the 
final state of the gas~ 

Choosing as independent var iable  the monotonically varying quantity ~, we reduce the sys tem (3. 1) 
to two equations in phase space 
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dO e /~ (~, 0, 0~) dO 18 (~, 0, 0,) 
d~ = /1(~, 0, 0e)  ' "~- = "Ix(a, 0, 0e) ( 3 . 4 )  

the densi ty  n being r e l a t ed  to the phase  v a r i a b l e s  by the s a m e  final equation (3.2). 

Thus,  in o r d e r  to solve the p rob tem of the s t r u c t u r e  of the shock wave, we mus t  find the in tegra ted  
cu rve  of the s y s t e m  (3.4) in phase  space  ce, 0, 0 e connecting the equi l ibr ium points ~0, 00, 00e and c~ k, Ok, 
0ek in f ront  of and behind the wave. These  points a r e  s ingular  points of the sys t em,  since all the f i  vanish 
s imul taneous ly  in them (it may be shown that t he re  a re  no o ther  s ingular  points in the sys tem) .  In o r d e r  
to find the curve  in question,  we mus t  know the behavior  in the neighborhood of the s ingular  points, since 
this desc r ibes  the n e a r - e q u i l i b r i u m  s ta tes  and the p r o c e s s  of equi l ibr ium es tab l i shment .  

The behav ior  of the in tegra ted  curve  in the neighborhood of a s ingular  point is de te rmined  by the 
c h a r a c t e r  of the s ingular i ty ;  the ascr ip t ion  of a s ingular  point to one pa r t i cu l a r  .type of c h a r a c t e r ,  in turn, 
is de te rmined  by the roo ts  of the c h a r a c t e r i s t i c  equation faj 1 - xji r = 0, where  aj I a r e  the de r iva t ives  of the 
r igh t -hand  s ides  of the s y s t e m  of j]  with r e s p e c t  to the i r  argumen.ts yl  ca lcula ted  at the s ingular  points.  In 
the ca se  under considera t ion the a rguments  a r e  a ,  0, 0 e. He re  6.1 is the Kronecker  delta.  

J 
The c h a r a c t e r i s t i c  equation of the s y s t e m  under considera t ion  is a t h i r d - o r d e r  equation 

~ s _ j l ~ 2  §  

where  Jk a re  invar iants  of the coeff ic ients  of the ma t r i x  If aj ill. 

It is easy  to s e e [ f r o m  Eqs. (3.1), (3.2)] that  the coeff icients  aj i (and hence Jk ) a re  e x p r e s s e d  in t e r m s  
of the equi l ibr ium p a r a m e t e r s  and the chosen c h a r a c t e r i s t i c  lengths.  Corresponding e s t ima te s  show that,  
in the n e a r - e q u i l i b r i u m  s ta te ,  in f ront  of the wave the mos t  rapid  p r o c e s s  (the sho r t e s t  c h a r a c t e r i s t i c  
length) is the heating of the electron gas  by t h e r m a l  conduction, and the s lowest  is the exchange of energy 
between the e lec t rons  and the heavy pa r t i c l e s .  These  e s t ima te s  indicate the cons iderab le  effect  of the 
e lec t ron  t h e r m a l  conductivity on the s t r u c t u r e  of the wave; the heating of the e lec t ron  gas  in front  of the 
wave may lead to cons iderab le  ionization in this region.  In the n e a r - e q u i l i b r i u m  s ta te ,  the mos t  rapid  p ro -  
c e s s  behind the wave is  energy  exchange (which tends to equate the e lect ron and ion t e m p e r a t u r e s ) ,  while 
the s lowes t  is ionization. 

Let  us r e tu rn  to an analysis  of the roots  of the cha r ac t e r i s t i c  equation. The type of s ingular  point is 
de te rmined  by the signs of the r ea l  pa r t s  of these  roots ,  and the signs may be de te rmined  by using, for  ex-  
ample ,  the Rauss t heo rem,  according to which the number  of roots  of a r ea l  polynomial  lying in the r igh t -  
hand half plane is equal to the num ber  of changes in sign in the f i r s t  column of the Rauss  scheme  set  up in 
a pa r t i cu l a r  fashion [11]. 

In the ca se  under considera t ion  this column takes  the f o r m  

l ,  --J1,  J2 - -  J3 / J i ,  - - J3  (3~ 

Thus we have to de t e rmine  the signs and o r d e r s  of magnitude of the coeff ic ients  of the c h a r a c t e r i s t i c  
equation; this may be done by using the resu l t an t  re la t ionships  between the c h a r a c t e r i s t i c  lengths and o r -  
de r s  of magni tude of the equi l ibr ium p a r a m e t e r s .  The calcula t ions  a re  ve ry  c u m b e r s o m e  and will not be 
p resen ted  in detail:  the r e su l t s  show that  for  both the s ingular  points the sign in the Rauss  column (3.5) 
only changes  once, i .e. ,  the signs of t h e r e a l  pa r t s  a re  different  (one root  in the r igh t -  and two in the lef t -  
hand half plane), and the two s ingular  points const i tute  genera l ized  saddles  [12]. A m o r e  detai led inves t iga-  
tion shows that  these  genera l i zed  saddle points const i tute  t h r e e - b r a n c h  sadd le -nodes  with s table  two-branch  
nodes  [13]. 

It is well kno~a  that,  in s h o c k - w a v e - s t r u c t u r e  p r o b l e m s  in which the equation makes  no al lowances for  
v i scos i ty ,  a continuous cu rve  joining the s ingular  points (which in the p re sen t  case  a r e  saddle  points) does 
not in genera l  exis t .  T h e r e  is a b r eak  within the s t ruc tu r e ,  a s h a r p  jump in c o m p r e s s i o n  at which, in the 
p re sen t  case ,  the ion t e m p e r a t u r e ,  the densi ty ,  and hence the veloci ty  undergo a discontinuity,  while the 
e lec t ron  t e m p e r a t u r e  and the deg ree  of ionization a r e  continuous. The position of the discontinuity in phase  
space  is de te rmined  by the condition that, on pass ing through the jump,  the quant i t ies  undergoing the d i s -  
continuity should sa t i s fy  an equation of the Rank ine-Hugonio t  type.  
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As already indicated, in the charac te r i s t i c  equation there  is one root  in the r ight-hand half plane and 
two in the left. This means that one integrated curve  passes  out f rom a point in front of the wave while two 
pass to a point behind the wave; in o rder  to choose the one corresponding to the problem in hand, we have 
to study the asymptotic of the solution in the neighborhood of this point. Using the foregoing relat ions be -  
tween the cha rac te r i s t i c  lengths, express ing the fact that in the near -equi l ib r ium state exchange takes 
place nfaster"  behind the wave than ionizat ion-recombinat ion or  heat t r ans fe r  by thermal  conduction (Lc0 << 
L s << Li), so that in this region the t empera tu res  are  pract ical ly  identical, we may write the asymptotic of 
the sys t em in the fo rm 

0 = 0e 

dO 0 [,j[. + 2i (2 - -  an) "1 a (l -~ 1 / ' ~ )  ( 3 , 6 )  

Clearly both t empera tu res ,  while remaining identical, will fall to their  equilibrium value (dO/d(~ < 0), 
and hence the electron t empera tu re  in the wave will pass through a maximum (in the ear l ie r  analyses it 
was asser ted  that the electron t empera tu re  increased  monotonically in the wave). 

Thus, of the two integrated curves  proceding to the point behind the wave, we must  choose the one for 
which the t empera tu res  of both components are close together  and fall on approaching equilibrium. 

The foregoing qualitative analysis  enables us to integrate the sys tem of equations describing the 
s t ruc ture  of the shock wave numer ica l ly .  Whereas,  in a phase plane, the saddle is an ideal fo rm for s t a r t -  
ing the calculation, in phase space the mat te r  is more  complicated,  since the genera l ized saddle consti tutes 
an ord inary  saddle in some planes and a node in others ,  so that a slight deviation in the calculation may 
c a r r y  us away f rom the solution desired.  The computing p rocess  was as follows. The two parts  of the in- 
tegra ted  curve  were calculated start ing f rom the singular points and moving toward each other  until they 
met  in the ~viscous n jump. The conservat ion conditions at the viscous jump may be t r ans fo rmed  to re la -  
t ionships linking the dimensionless  ion densities and t empera tu res  in front of and behind the jump (the pa- 
r a m e t e r s  without any index cha rac te r i ze  the state of the gas in front of the jump; behind the jump they 
bear  the index 1); 

n l - -  5n~}+l , Ol= 0-4---~- n~ n~ (3.7) 

For  each point of the integrated curve in front of the jump ~, 0, 0 e and hence for each value of n de- 
te rmined  by Eq. (3~ the values of n 1 and 01 were determined f rom (3.7). The set of all these values fo rms  
the geomet r ica l  locus of the points in phase space satisfying the Rankine-Hugoniot  equations. 

The intersect ion of the integrated curve star t ing f rom a point behind the jump with the resul tant  
geometr ica l  locus gives the position of the jump in phase space and the t rue pa ramete r s  behind the jump 
n i, 0 i, (~, 0 e and hence also their  values in front of the jump n, 0, ~,  0 e. In calculat ing the integrated curve  
behind the jump, it is more  convenient to s tar t  f rom the final singular point by the asymptotic  sys tem (3o6), 

i 
I t , i _ ~  

t ~ 3 "  

0.0# ~ 7 

0 

8, Q e r 

\\ 8 

" I_~:'-" 7 - /  1~'8~ I 
~,Oi2"lj . 

2.IQ -~< ~ . f p -  q 

O,e e ~,n / 

[if 
L__ ', 

8-r z 0 Z./Oz .,/./OzS.fO z -~./0-4_2./0 -4 

Fig. 1 Fig. 2 Fig. 3 

723 



for  which this point is not s ingular .  In calculat ing the densi ty by the quadrat ic  equation (3.2) in the region 
behind the jump,  the rad ica l  mus t  be taken with plus sign, and in front  of the jump with the minus sign. The 
distr ibution of the p a r a m e t e r s  with r e s p e c t  to the coordinate  ~ o r  x may be obtained a f te r  solving the equa-  
t ions in phase  space  by quadra tu re .  

4. Let  us now discuss  the r e s u l t s  of the calcula t ions .  The s t r u c t u r e  of the shock wave was ca lcu la -  
ted for  a i r ,  using s eve ra l  values  of the initial density and veloci ty of the shock wave. The cu rves  of the 
ionization potent ials  I(~)  and the potential  energ ies  of the ions Q(~) were  obtained by means  of Lagrange  
interpolat ion polynomials  f r o m  the d i s c r e t e  values  cor responding  to the in tegra l  values  of z, these  being 
de te rmined  f r o m  tab les  [8]. The initial  degree  of ionization was taken as c~ 0 = 0~ in all the calculat ions.  
Special checks  showed that  a var ia t ion  in ~0 (within reasonab le  l imi t s )  had ve ry  l i t t le  effect  on the solution. 

F igures  1-3 i l lus t ra te  the t e m p e r a t u r e ,  density,  and degree-of - ion iza t ion  dis t r ibut ions  for  the th ree  
follo~4ng ve r s i on s  of the init ial  data: 

h, km No, cm -a D, km/sec T ~ K 
80 3.5. i0 I~ 57.9 9 000 

100 4.2.10 TM 56 7500 
0 5.4. t0 ~~ 75 t6 783 

Here  h is the height above sea  level  cor responding  to the initial air  density N 0. The resu l tan t  d i s t r i -  
butions conf i rm the subs tant ia l  effect  of the e lect ron t h e r m a l  conductivity on the s t ruc tu re  of the wave; 
the heating of the e lec t ron  gas  in f ront  of the wave is so cons iderab le  that  the f i r s t  ionization takes  place 
even before  the jump.  In this r e s p e c t  t he re  is a cons iderab le  d i f fe rence  between this and the e a r l i e r  analy-  
ses  [3, 5],in which, in calculat ing the re laxat ion  zone, the authors  s t a r t ed  f r o m  the values  of the ion t e m -  
p e r a t u r e  behind the v iscous  jump,  and in calcula t ing the e lect ron concentra t ion and t e m p e r a t u r e  f r o m  the i r  
unper turbed  va lues :  Init ial  computing da ta  of this kind could hardly  fai l  to affect  the distr ibution of the 
p a r a m e t e r s  in the wave. 

Yet another  spec ia l  f ea tu re  is  the m a x i m u m  in the e l e c t r o n - t e m p e r a t u r e  prof i le .  The exis tence  of 
this m a x i m u m  is due to the rapid  exchange taking place in this region,  which leads to the balancing of the 
t e m p e r a t u r e s  even before  the complet ion of ionization, while cooling continues as a r e su l t  of the consump-  
tion of energy  in the ionization p roce s s .  The graphs  indicate quite c lea r ly  that the balancing of the t e m p e r -  
a tures  takes  place immedia te ly  af ter  the m a x i m u m  point on the descending branch  of the e l e c t r o n - t e m p e r -  
a ture  profi le ,  this being a region of ve ry  high gradien ts  in all the p a r a m e t e r s .  The density of ions and the 
e lec t ron concentra t ion i nc r ea s e  very  sharp ly  in this region,  while the gas  t e m p e r a t u r e  fa l ls  sharp ly ,  the 
the rmal -conduc t ion  flow being d i rec ted  to the r e a r .  Beyond the region of high grad ien t s  the re  follows a 
slow approach of the p a r a m e t e r s  to the i r  equi l ibr ium values ,  and in this region the contr ibution of the r e -  
combination p r o c e s s  b e c o m e s  considerableo 

The  calcula t ions  were  c a r r i e d  out in the B~SM-3M compute r .  
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